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PROLONGATION OF POISSON 2-FORM ON WEIL BUNDLES
Norbert Mahoungou Moukala and Basile Guy Richard Bossoto
Abstract. In this paper, M denotes a smooth manifold of dimension n, A a
Weil algebra and MA the associated Weil bundle. When (M,ωM ) is a Poisson
manifold with 2-form ωM , we construct the 2-Poisson form ωAMA , prolongation
onMA of the 2-Poisson form ωM . We give a necessary and sufficient condition
for that MA be an A-Poisson manifold.
1. Introduction
1.1. Weil algebra and Weil bundle. In what follows, all structures are assumed
to be of class C∞. We denote by M a smooth differential manifold, C∞(M) the
algebra of differentiable functions on M and by X(M), the C∞(M)-module of
vectors field on M .
A Weil algebra is a real, unitary, commutative algebra of finite dimension with
a unique maximal ideal of codimension 1 on R, [15].
Let A be a Weil algebra and m be its maximal ideal. We have A = R⊕m and the
first projection
A = R⊕m→ R
is a homomorphism of algebras which is surjective, called augmentation and the
unique non zero integer h ∈ N such that mh 6= (0) and mh+1 = (0) is the height of
A, [15].
If M is a smooth manifold, and A a Weil algebra of maximal ideal m, an infinitely
near point to x ∈M of kind A is a homomorphism of algebras
ξ : C∞(M)→ A
such that [ξ(f)− f(x)] ∈ m for any f ∈ C∞(M). i.e. the real part of ξ(f) is exactly
f(x), [15].




MAx the manifold of infinitely near points of kind A. We have
dimMA = dimM × dimA, [6].
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When both M and N are smooth manifolds and when h : M → N is a
differentiable application, then the map
hA : MA → NA , ξ 7→ hA(ξ) ,
such that, for any g ∈ C∞(N),[
hA(ξ)
]
(g) = ξ(g ◦ h)
is also differentiable. When h is a diffeomorphism, it is the same for hA, [1].
Moreover, if ϕ : A → B is a homomorphism of Weil algebras, for any smooth
manifold M , the map
ϕM : MA →MB , ξ 7→ ϕ ◦ ξ
is differentiable. In particular, the augmentation
A→ R
defines for any smooth manifold M , the projection
πM : MA →M ,
which assigns every infinitely near point to x ∈M to its origin x. Thus (MA, πM ,
M) defines the bundle of infinitely near points or simply Weil bundle (see [3], [6],
[15], [9]).
If (U,ϕ) is a local chart of M with coordinate functions (x1, x2, . . . , xn), the
application
UA → An , ξ 7→
(
ξ(x1), ξ(x2), . . . , ξ(xn)
)
,
is a bijection from UA into an open of An. The manifold MA is a smooth manifold
modeled over An, that is to say an A-manifold of dimension n, [2], [13].
The set, C∞(MA, A) of differentiable functions on MA with values in A is
a commutative, unitary algebra over A. When one identitifies RA with A, for
f ∈ C∞(M), the map
fA : MA → A , ξ 7→ ξ(f)
is differentiable and the map
C∞(M)→ C∞(MA, A) , f 7→ fA ,
is an injective homomorphism of algebras and we have:
(f + g)A = fA + gA ; (λ · f)A = λ · fA ; (f · g)A = fA · gA
for λ ∈ R, f , g ∈ C∞(M).
We denote X(MA), the set of all vector fields on MA. According to [2], [8] we
have the following equivalent assertions:
Theorem 1. The following assertions are equivalent:
(1) A vector field on MA is a differentiable section of the tangent bundle
(TMA, πMA ,MA).
(2) A vector field on MA is a derivation of C∞(MA).
(3) A vector field on MA is a derivation of C∞(MA, A) which is A-linear.
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(4) A vector field on MA is a linear map X : C∞(M) → C∞(MA, A) such
that
X(f · g) = X(f) · gA + fA ·X(g) , for any f, g ∈ C∞(M) .
Consequently [8],
Theorem 2. The map
X(MA)× X(MA) −→ X(MA), (X,Y ) 7−→ [X,Y ] = X ◦ Y − Y ◦X
is skew-symmetric A-bilinear and defines a structure of A-Lie algebra over X(MA).
Thus, if DerA[C∞(MA, A)] denotes the C∞(MA, A)-module of derivations of
C∞(MA, A) which are A-linear, a vector field on MA is a derivation of C∞(MA, A)
which is A-linear i.e. a A-linear map
X : C∞(MA, A)→ C∞(MA, A)
such that







Proposition 1 ([2], [8]). If θ : C∞(M) → C∞(M) is a vector field on M , then
there exists one and only one A-linear derivation
θA : C∞(MA, A)→ C∞(MA, A)
such that
θA(fA) = [θ(f)]A
for any f ∈ C∞(M).
Proposition 2 ([2], [8]). If θ, θ1 and θ2 are vector fields on M and if f ∈ C∞(M),
then we have:
(1) (θ1 + θ2)A = θA1 + θA2 ;
(2) (f · θ)A = fA · θA;
(3) [θ1, θ2]A = [θA1 , θA2 ].





, θ 7→ θA
is an injective homomorphism of R-Lie algebras. If µ : A→ A, is a R-endomorphism,
and θ : C∞(M)→ C∞(M) a vector field on M , then
θA(µ ◦ fA) = µ ◦
[
θ(f)
]A for any f ∈ C∞(M) .
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1.2. Poisson manifold. We recall that a Poisson structure on a smooth manifold
M is due to the existence of a bracket { , }M on C∞(M) such that the pair
(C∞(M), { , }M ) is a real Lie algebra such that, for any f ∈ C∞(M) the map
ad(f) : C∞(M)→ C∞(M) , g 7→ {f, g}M
is a derivation of commutative algebra i.e.
{f, g · h}M = {f, g}M · h+ g · {f, h}M
for f , g, h ∈ C∞(M). In this case we say that C∞(M) is a Poisson algebra and M
is a Poisson manifold ([5], [14], [11]).
Let ΩR[C∞(M)] be the C∞(M)-module of Kähler differentials of C∞(M) and
δM : C∞(M)→ ΩR[C∞(M)] , f 7→ f ⊗ 1C∞(M) − 1C∞(M) ⊗ f
the canonical derivation which the image of δM generates the C∞(M)-module




fi · δM (gi) ,
with fi, gi ∈ C∞(M) for any i ∈ I ([4], [11], [10]).











such that for any f and g in C∞(M),
{f, g}M = −ωM
[
δM (f), δM (g)
]
defines a structure of Lie algebra over C∞(M), [11], [10]. In this case, we say that
ωM is the Poisson 2-form of the Poisson manifold M and we denote (M,ωM ) the
Poisson manifold of Poisson 2-form ωM .
The main goal of this paper is to study the prolongation of the Poisson 2-form
ωM of Poisson manifold on Weil bundles.
2. The algebra of Kähler forms on C∞(MA, A)







where J is the C∞(MA)-submodule of C∞(MA)
⊗
R
C∞(MA) generated by the
elements of the form F ⊗ 1C∞(MA) − 1C∞(MA) ⊗ F with F ∈ C∞(MA). Thus, the
map
dMA : C∞(MA)→ ΩR[C∞(MA)], F 7→ F ⊗ 1C∞(MA) − 1C∞(MA) ⊗ F
is a derivation and the image of dMA generates ΩR[C∞(MA)].
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The A-algebra C∞(MA, A)
⊗
A
C∞(MA, A) admits a structure of C∞(MA, A)-
-module defined by the homomorphism of A-algebras
C∞(MA, A)→ C∞(MA, A)⊗
A
C∞(MA, A), ϕ 7→ ϕ⊗ 1C∞(MA,A).
In this case, we say that C∞(MA, A)
⊗
A
C∞(MA, A) admits a structure of
C∞(MA, A)-module defined by the first factor. The second factor is defined by
C∞(MA, A)→ C∞(MA, A)⊗
A
C∞(MA, A) , ϕ 7→ 1C∞(MA,A) ⊗ ϕ .
The map
C∞(MA, A)× C∞(MA, A)→ C∞(MA, A) , (ϕ,ψ) 7→ ϕ · ψ
being A-bilinear, then there exists a unique A-linear map
m : C∞(MA, A)⊗
A
C∞(MA, A)→ C∞(MA, A)
such that
m(ϕ⊗ ψ) = ϕ · ψ .
The kernel of m is the C∞(MA, A)-submodule of C∞(MA, A) ⊗ C∞(MA, A)
generated by the elements of the form ϕ ⊗ 1C∞(MA,A)− 1C∞(MA,A)⊗ ϕ with
ϕ ∈ C∞(MA, A).
We denote ΩA[C∞(MA, A)], the C∞(MA, A)-module of Kähler differentials of
C∞(MA, A) which are A-linears. In this case, for ϕ ∈ C∞(MA, A), we denote







, f 7→ fA ⊗ 1C∞(MA,A) − 1C∞(MA,A) ⊗ fA
is a derivation.
Thus,






















] $−→ ΩA[C∞(MA, A)]
be that map, where
σ−1 : ϕ =
dimA∑
α=1
(a∗α ◦ ϕ) · aα 7−→
dimA∑
α=1
aα ⊗ (a∗α ◦ ϕ)
96 N.M. MOUKALA AND B.G.R. BOSSOTO





aα ⊗ (a∗α ◦ ϕ) 7→
dimA∑
α=1



























(a∗α ◦ ϕ)aα ⊗ 1C∞(MA,A) − 1C∞(MA,A) ⊗ (a∗α ◦ ϕ)aα
]
.
For any ϕ, ψ ∈ C∞(MA, A), we have
δAMA(ϕ+ ψ) =
[



























$ ◦ (idA⊗dMA) ◦ σ−1
]
(ψ)
= δAMA(ϕ) + δ
A
MA(ψ) .
For any ϕ ∈ C∞(MA, A) and a ∈ A, we have
δAMA(a · ϕ) =
[





















= a · δAMA(ϕ) .
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For any ϕ, ψ ∈ C∞(MA, A), we have
δAMA(ϕ · ψ) =
[





























$ ◦ (idA⊗dMA) ◦ σ−1
]
(ϕ) · ψ + ϕ ·
[
$ ◦ (idA⊗dMA) ◦ σ−1
]
(ψ)
= [$ ◦ (idA⊗dMA) ◦ σ−1](ϕ) + [$ ◦ (idA⊗dMA) ◦ σ−1](ψ)

















is a derivation. Thus, for any f ∈ C∞(M)
δAMA(f














= fA ⊗ 1C∞(MA,A) − 1C∞(MA,A) ⊗ fA
=
[















→ ΩA[C∞(MA, A)] , x 7→ xA










, x 7→ xA
be that map. 
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For any x, y ∈ ΩR[C∞(M)],




fi · δM (f ′i) +
∑
j∈I : finite










gj · δM (g′j)
)A
= xA + yA .
For any x ∈ ΩR[C∞(M)] and for λ ∈ R,











fi · δM (f ′i)
)A
= λ · xA .
The pair (ΩA[C∞(MA, A)], δAMA) satisfies the following universal property: for
every C∞(MA, A)-module E and every A-derivation
Φ: C∞(MA, A)→ E ,
there exists a unique C∞(MA, A)-linear map
Φ̃ : ΩA[C∞(MA, A)]→ E
such that
Φ̃ ◦ δAMA = Φ .




















→ DerA[C∞(MA, A)], E), ψ 7−→ ψ ◦ δAMA .
In particular, if E = C∞(MA, A), we have
ΩA[C∞(MA, A)]∗ ' DerA[C∞(MA, A)]
= X(MA) .
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For any p ∈ N, Λp(ΩA[C∞(MA, A)]) = Lpsks(ΩA[C∞(MA, A)], C∞(MA, A)) de-
notes the C∞(MA, A)-module of skew-symmetric multilinear forms of degree p




































a unique derivation, of degree +1, which extends the canonical derivation
δ0MA : C
∞(MA, A)→ ΩA[C∞(MA, A)] .
For any ϕ, ψ, ψ1, ψ2, . . . , ψp ∈ C∞(MA, A) and ω ∈ ΩA[C∞(MA, A)]∗, we get
1. δMA(ϕ · δMA(ψ1) ∧ · · · ∧ δMA(ψp) = δMA(ϕ) ∧ δMA(ψ1) ∧ · · · ∧ δMA(ψp).







3. δ1MA(ϕ · ω) = δ
0
MA(ϕ) ∧ ω + ϕ · δ
1
MA(ω).
Proposition 5. If η ∈ Λp(ΩR[C∞(M)]), then ηA ∈ Λp(ΩA[C∞(MA, A)]).
Proof. Indeed, for any η ∈ Λp(ΩR[C∞(M)]), η is of the form δM (f1)∧· · ·∧δM (fp)
with f1, f2, . . . , fp ∈ C∞(M).
ηA = [δM (f1) ∧ · · · ∧ δM (fp)]A
= [δM (f1)]A ∧ · · · ∧ [δM (fp)]A
= δ0MA(f
A
1 ) ∧ · · · ∧ δ0MA(f
A
p ) .
Thus, the C∞(MA, A)-module Λp(ΩA[C∞(MA, A)]) is generated by elements of
the form
ηA = δ0MA(ϕ1) ∧ · · · ∧ δ
0
MA(ϕp)













is the algebra of Kähler forms on C∞(MA, A).
The pair (Λ(ΩA[C∞(MA, A)], δAMA)) is a differential complex and the map
A× ΩR[C∞(M)] 7−→ ΩA[C∞(MA, A)], (a, x) 7−→ a · xA
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induces the morphism of the differential complex (A
⊗
Λ(ΩR[C∞(M)]), idA⊗δM ))
into the differential complex (Λ(ΩA[C∞(MA, A)]), δAMA).
3. Lie derivative with respect to a derivation on MA
Let
θ : C∞(M)→ C∞(M)




]p −→ Λp(ΩR[C∞(M)]) ,
be the C∞(M)-skew-symmetric multilinear map such that for any x1, x2, . . . , xp ∈
ΩR[C∞(M)],
σθ(x1, x2, . . . , xp) =
p∑
i=1
(−1)i−1θ̃(xi) · x1 ∧ · · · ∧ x̂i ∧ · · · ∧ xp ,
where
θ̃ : ΩR[C∞(M)]→ C∞(M)




]p → Λp(ΩA[C∞(MA, A)])





2 , . . . , x
A









the unique C∞(MA, A)-skew-symmetric multilinear map such that
σ̃A
θA




2 , . . . , x
A
p )
i.e. σAθA induces a derivation






Proposition 6. For any θ ∈ DerR[C∞(M)] and for any η ∈ Λp(ΩR[C∞(M)]), we
have
iθA(ηA) = [iθ(η)]A .
Proof. If η ∈ Λp(ΩR[C∞(M)]), then there exists f1, f2, . . . , fp ∈ C∞(M), such
that η = δM (f1) ∧ · · · ∧ δM (fp). Thus,
iθA(ηA) = iθA
(
[δM (f1) ∧ · · · ∧ δM (fp)]A
)
= iθA([δM (f1)]A ∧ · · · ∧ [δM (fp)]A)
= σAθA
(
[δM (f1)]A, . . . , [δM (fp)]A
)
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=
[











For p = 1, we have
iθA = σ̃AθA : Λ
1(ΩA[C∞(MA, A)])
= ΩA[C∞(MA, A)]∗ → Λ0(ΩA[C∞(MA, A)]) = C∞(MA, A) ,
and for any y ∈ ΩR[C∞(M)],
iθA(yA) = θ̃A(yA) .










and for any x, y ∈ ΩR[C∞(M)],
σAθA(x










is the unique C∞(MA, A)-linear map such that
iθA(xA ∧ yA) = σAθA(x
A, yA) = θ̃A(xA) · yA − θ̃A(yA) · xA .

Definition 2. The Lie derivative with respect to D ∈ DerA[C∞(MA, A)] is the
derivation of degree 0
LD = iD ◦ δAMA + δ
A


















is a unique A-linear derivation such that
LθA(ηA) = [Lθ(η)]A ,
for any η ∈ Λ(ΩR[C∞(M)]).
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)A + (δM [iθ(η)])A
=
(








Proposition 8. For any θ ∈ X(M), for any x ∈ ΩR[C∞(M)] and for any f ∈
C∞(M), we have
(1) LfA·θA(xA) = [Lf ·θ(x)]A.










Proof. For any θ ∈ X(M), for any x ∈ ΩR[C∞(M)] and for any f ∈ C∞(M), we
have
























= fA · iθA([δM (x)]A) + iθA(xA) · δAMA(f




= fA · (iθ[δM (x)])A + [iθ(x)]A · [δM (f)]A + fA · (δM [iθ(x)])A
= (f · iθ[δM (x)] + iθ(x) · δM (f) + f · δM [iθ(x)])A
= (f · iθ[δM (x)] + δM (f · [iθ(x)])A
= (if ·θ[δM (x)] + δM [if ·θ(x)])A
= [Lf ·θ(x)]A .
Thus, LfA·θA(xA) = [Lf ·θ(x)]A .



















= θA(fA) · xA − δAMA(f
A) · θ̃A(xA) + fA · θA(xA)
+ δAMA(f
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=
(
θ(f) · x− δM (f) · θ̃(x) + f · θ(x)
























































= (0 + δM [θ(f)])A
=
(








Proposition 9. For any D ∈ DerA[C∞(MA, A)], X ∈ ΩA[C∞(MA, A)], and
ϕ ∈ C∞(MA, A), we have
(1) Lϕ·D(X) = ϕ · LD(X) + D̃(X) · δAMA(ϕ) ;










Proof. For anyD ∈ DerA[C∞(MA, A)],X ∈ ΩA[C∞(MA, A)], and ϕ ∈ C∞(MA, A),
we have
1. Lϕ·D(X) = iϕ·D[δAMA(X)] + δ
A
MA [iϕ·D(X)]


















= ϕ · LD(X) + D̃(X) · δAMA(ϕ) .
104 N.M. MOUKALA AND B.G.R. BOSSOTO


















= D̃[δAMA(ϕ)] ·X − δ
A
MA(ϕ) · D̃(X) + ϕ · iD[δ
A
MA(X)]
+ δAMA(ϕ) · D̃(X) + ϕ · δ
A
MA [iD(X)]
= D(ϕ) ·X + ϕ · iD[δAMA(X)] + ϕ · δ
A
MA [iD(X)]
= D(ϕ) ·X + ϕ · (iD[δAMA(X)] + δ
A
MA [iD(X)])
= D(ϕ) ·X + ϕ · LD(X) .






















4. The Poisson 2-form on Weil bundles
We recall that, when M is a smooth manifold, A a Weil algebra and MA the
associated Weil bundle, the A-algebra C∞(MA, A) is a Poisson algebra over A if
there exists a bracket {, } on C∞(MA, A) such that the pair (C∞(MA, A), {, }) is
a Lie algebra over A satisfying
{ϕ,ψ1 · ψ2} = {ϕ,ψ1} · ψ2 + ψ1 · {ϕ,ψ2}
for any ϕ, ψ1, ψ2 ∈ C∞(MA, A). When C∞(MA, A) is a Poisson A-algebra, we
will say that the manifold MA is a A-Poisson manifold [1],[7].
When (M, {, }) is a Poisson manifold, the map
ad: C∞(M)→ DerR[C∞(M)] , f → ad(f)
such that [ad(f)] (g) = {f, g} for any g ∈ C∞(M), is a derivation. Thus:
Proposition 10. There exists a derivation
adA : C∞(MA, A)→ DerA[C∞(MA, A)]
such that
adA(fA) = [ad(f)]A .
Let’s consider the following diagram commutative:








τ̃ ◦ γM = Φ ◦ ad ,
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where
γM : C∞(M)→ C∞(MA, A), f 7−→ fA
and
Φ: DerR[C∞(M)]→ DerA[C∞(MA, A)], θ → θA .
For any f ∈ C∞(M), we have
τ̃ ◦ γM (f) = τ̃(fA)
and
Φ ◦ ad(f) = Φ[ad(f)] = [ad(f)]A .
Thus, there exists adA = τ̃ such that
adA(fA) = [ad(f)]A .
As
adA : C∞(MA, A)→ DerA[C∞(MA, A)]
is a derivation, then there exists a unique C∞(MA, A)-linear map
ãdA : ΩA[C∞(MA, A)]→ DerA[C∞(MA, A)]
such that
ãdA ◦ δAMA = ad
A .
Let’s consider the canonical isomorphism
















such that for any X, Y ∈ ΩA[C∞(MA, A)]














for any x and y in ΩR[C∞(M)].
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Proof. For any X ∈ ΩA[C∞(MA, A)], we have X =
∑
i∈I : fini
ϕi · δAMA(ψi), with













































ϕj · ϕk · {ψk, ψj}
= 0 .
For any X1, X2 and Y ∈ ΩA[C∞(MA, A)] and for any ϕ ∈ C∞(MA, A), we
have











[ϕ · ãdA(X1) + ãdA(X2)]
)
(Y )









= ϕ · ωMA(X1, Y ) + ωMA(X2, Y ) .





















































































































fi · gj ·
[











fi · δM (f ′i)
)( ∑
j∈I : finite
gj · δM (g′j)
)]A
= [ωM (x, y)]A .

Proposition 12. When (M,ωM ) is a Poisson manifold of Poisson 2-form ωM ,
then (MA, ωAMA) is a Poisson manifold.













ωM (δMA(f), δM (g))
]A








for any x, y ∈ ΩR[C∞(M)]. We deduce that (MA, ωAMA) is a Poisson manifold. 
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defines a structure of A-Lie algebra over C∞(MA, A). Moreover, for any f and g
in C∞(M),
{fA, gA}MA = {f, g}AM .







defines a structure of A-Lie algebra over C∞(MA, A). For any f and g in C∞(M),






= {f, g}AM .
In this case, we will say that ωAMA is the Poisson 2-form of the A-Poisson manifold
MA and we denote (MA, ωAMA) the A-Poisson manifold of Poisson 2-form ω
A
MA . 
Proposition 13. When (M,ωM ) is a Poisson manifold of Poisson 2-form ωM ,
then for any x, y ∈ ΩR[C∞(M)] and for any f , g ∈ C∞(M), we get








(gA) = (Lãd[δM (f)](g))
A.
Proof. 1. For any x ∈ ΩR[C∞(M)], xA = gA · δAMA(h
A) with g and h in C∞(M),
and for any f , g ∈ C∞(M), we have
[ãdA(xA)](fA) = [ãdA(gA · δAMA(h
A))](fA)
= [gA · ãdA ◦ δAMA(h
A))](fA)
= [gA · adA(hA)](fA)
= gA · [ad(h)]A(fA)
= (g · [ad(h)](f))A
= (g · ãd[δM (h)](f))A
= (ãd[g · δM (h)](f))A
= (ãd[g · δM (h)](f))A
= ([ãd(x)](f))A .
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2. When y ∈ ΩR[C∞(M)], yA = gA · δAMA(h











= gA · [ãdA(xA)](hA)
= gA · [ãdA(xA)](hA)
= (g · [ãd(x)](h))A
= (g · [ãd(x)] ◦ δM )(h))A
= ([ãd(x)](g · δM (h)))A
= ([ãd(x)](y))A .

Proposition 14. When (M,ωM ) is a Poisson manifold of Poisson 2-form ωM ,
then for any X, Y ∈ ΩA[C∞(MA, A)] and for any ϕ, ψ ∈ C∞(MA, A), we get
(1) [ãdA(X)](ϕ) = −ωAMA(X, δ
A
MA(ϕ));
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